Lecture 1
Introduction

1

The Laplace operator

On the 3-dimensional Euclidean space, the Laplace operator (or Laplacian)
is the linear differential operator
(
C 2 (R3 ) → C 0 (R3 )
2
2
2
∆:
f 7→ ∂∂xf2 + ∂∂xf2 + ∂∂xf2 ,
1

2

3

where C k (R3 ), for any non-negative integer k, denotes the set of all the
functions on R3 whose partial derivatives of order less than or equal to k
exist and are continuous, and ∂ 2 f /∂x2j , for j = 1, 2, 3, denotes the second
derivative of f with respect to the jth variable.
It is simple to generalize the Laplace operator to arbitrary domains in
n-dimensional Euclidean spaces, for any natural number n. Let Ω be an
open subset of Rn . The Laplace operator on Ω is the operator
( 2
C (Ω) → C 0 (Ω)
P
2
∆:
f 7→ nj=1 ∂∂xf2 ,
j

where C k (Ω) and ∂ 2 f /∂x2j are defined similarly as above. More generally, as
we will see later, the Laplace operator can be generalized to any Riemannian
manifold (M, g):
(
C 2 (M ) → C 0 (M )
∆g :
f 7→ ∆g f.
This generalization of the Laplacian to Riemannian manifolds is called the
Laplace-Beltrami operator. The study of this operator and the relations of its
spectrum (the eigenvalues) to the geometry of the manifold (the dimension,
volume, curvature, etc.) is called spectral geometry. Our goal in this text is
to provide an introduction to this subject.
Remark 1. When we write “the Laplacian on Ω”, we mean “the Laplacian
acting on functions defined on Ω”. As is common for linear operators, we
usually write ∆f instead of ∆(f ).
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Why the Laplacian?

One reason why the Laplacian is so important is that it appears in many
equations of physics, mathematics, and applied sciences. For instance, the
Laplace operator appears in the following equations:
• Laplace’s equation:
∆u = 0.
• Poisson’s equation:
−∆u = f.
• Helmholt’s equation:
−∆u = λu.
• Heat equation:
∂u
(x, t) = ∆x u(x, t).
∂t
• Wave equation:
∂2u
(x, t) = ∆x u(x, t).
∂t2
• Schrödinger’s equation:
i

∂ψ
(x, t) = −∆x ψ(x, t) + V (x)ψ(x, t).
∂t

Remark 2. The notation ∆x indicates that the Laplacian is calculated with
respect to the variable x = (x1 , . . . , xn ).
The above equations are important partial differential equations which
are used in many contexts. For instance, Laplace’s equation and Poisson’s
equation appear in gravitational theory and electrostatics, the heat equation
and the wave equation are used in the study of diffusion processes and
wave phenomena, and the Schrödinger equation is the fundamental equation
of non-relativistic quantum mechanics. Thus the Laplacian is important
because it appears in many important equations (this is a good enough
reason to study the Laplacian). But we may proceed and ask the following
question: Why all these basic equations, which are used in different contexts,
contain the Laplace operator instead of some other differential operator?
The answer to the above question starts with the following observation.
Consider the above equations on 3-dimensional Euclidean space. Although
these basic equations appear in different contexts, they all have one thing in
common: They are equations defined on Euclidean space which are supposed
to describe some physical quantity (the unknown). Thus, the equations
should agree with the general principles of physics. In particular, they should
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agree with the principle that asserts that the laws of physics are independent
of position and direction. This implies that the spatial components of the
equations should be invariant by translations and rotations in Euclidean
space. In particular, this implies that the differential operators should be
invariant by translations and rotations. This gives a clue to the answer,
because the Laplacian is essentially the only (scalar) second-order linear
differential operator that is invariant by translations and rotations:
Theorem 1 (Informal). Suppose that L is a second-order linear differential
operator on Rn , and suppose that T is a translation on Rn or a rotation on
Rn . Then L is invariant by T , that is,
(Lf ) ◦ T = L(f ◦ T )

for all f ∈ Domain(L),

if and only if
L = c1 ∆ + c0 ,
where c0 and c1 are constants.
In some sense, this explains why the Laplacian is important for the
description of phenomena in Rn . More generally, as we will see later, the
Laplace-Beltrami operator on a Riemannian manifold (M, g) is invariant by
isometries on M .

3

Topics in spectral geometry

A central topic in spectral geometry is the study of the eigenvalue problem
−∆g u = λu,
where ∆g is the Laplacian associated to some Riemannian manifold (M, g)
and u is a function on M . The Laplacian is an unbounded self-adjoint
operator. As we will see later, when the manifold M is compact the spectrum
of the Laplacian is discrete. This means that, for any j ∈ N, there exist a
nontrivial function uj on M and a real number λj such that
−∆g uj = λj uj .
In addition
λj → ∞ as

j → ∞.

The numbers λ1 , λ2 , λ3 , . . . and the functions u1 , u2 , u3 , . . . are called the
eigenvalues and the eigenfunctions of the Laplacian on (M, g), respectively.
The set of all eigenvalues of the Laplacian on (M, g) is called the spectrum
of (M, g) and is denoted by Spec(M, g).
There are relations between the spectrum of (M, g) and the geometry
of (M, g). We can investigate these relations in two directions: Given a
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manifold (M, g), what can we say about the spectrum of (M, g)? Conversely,
given the spectrum of (M, g), what can we say about the manifold (M, g)?
These questions lead to two types of problems in spectral geometry: direct
problems and inverse problems.
Direct problems. The most natural direct problem is to compute
the eigenvalues and eigenfunctions of the Laplacian for a given manifold
(M, g). This computation, however, can be performed explicitly only for a
few choices of (M, g). We give some examples of exact computations later.
In the general case, where explicit exact computations are not available, we
must seek for qualitative statements about the spectrum. Two statements
of such type are the Rayleigh-Faber-Krahn inequality and the Weyl formula,
which we introduce next. These, as well as other classical inequalities and
asymptotic results about eigenvalues, will be discussed later.
The Rayleigh-Faber-Krahn inequality. Let Ω be an open subset of R2
and let u be a function on Ω. Consider the eigenvalue problem
−∆u = λu on Ω
with the boundary condition
u|∂Ω = 0,
where ∆ denotes the Laplacian on Ω and ∂Ω denotes the boundary of Ω.
Let λ1 (Ω) be the first eigenvalue of the above problem. Lord Rayleigh [10]
conjectured that, among all open subsets of R2 with a given area, the disc
has the lowest first eigenvalue. In other words
λ1 (Ω) ≥ λ1 (D),
where D is an open disc in R2 with area equal to the area of Ω. Rayleigh
made this conjecture based on computations of λ1 (Ω) for specific Ω. This
conjecture was proved by Faber [2] and Krahn [7], independently. As we will
see later, the Rayleigh-Faber-Krahn inequality generalizes to Rn for n ≥ 2.
The Weyl formula. Consider the eigenvalue problem with boundary
condition in the previous paragraph, and let λ1 , λ2 , λ3 , . . . be its eigenvalues.
Let λ be a real number. According to Kac [6], the Dutch physicist Lorentz
conjectured that the number of eigenvalues less than λ is simply proportional
to the area of Ω and λ. In other words, Lorentz conjectured that
N (λ) ∼

Area(Ω)
λ,
2π

where N (λ) denotes the cardinality of the set {j ∈ N | λj < λ} and Area(Ω)
denotes the area of Ω. The symbol ∼ means that
N (λ)
Area(Ω)
=
.
λ→∞
λ
2π
lim
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Lorentz made this conjecture based on computations of the eigenvalues for
specific Ω. Weyl proved this conjecture by showing that
Area(Ω)
λ as λ → ∞.
2π
This result generalizes to any compact Riemannian manifold (more on this
later).
Inverse problems. On a Riemannian manifold (M, g), the Laplacian
∆g is completely determined by the metric g. Hence, the spectrum of (M, g)
is completely determined by g. Thus, if two manifolds (M1 , g1 ) and (M2 , g2 )
are isometric, they have the same spectrum. In view of this, a natural
question arises: Does the spectrum of (M, g) determines (M, g)? A question
of this type was investigated by Kac in the famous article “Can one hear
the shape of a drum?” [6]. The precise formulation of the question is the
following:
Isospectral problem. If two Riemannian manifolds (M1 , g1 ) and (M2 , g2 )
have the same spectrum, are they isometric? The answer is negative: In
1964, Milnor [9] constructed two manifolds of dimension 16 that have the
same spectrum but are not isometric. In the 1980s, Gordon and Wilson
[5] and Sunada [11] provided a systematic way of constructing examples of
this type. In “Can one hear the shape of a drum?” (1966), Kac considered
the isospectral problem for planar domains. In 1992, Gordon, Webb and
Wolpert [3] provided the first example of planar domains that have the
same spectrum but are not isometric. In the 2010s, many examples of this
type are available. Therefore, “One cannot hear the shape of a Drum” [4].
Classical heat invariants. Although the spectrum of a manifold does not
determine the manifold, it determines some properties of the manifold. For
instance, in “Can one hear the shape of a drum”, Kac proved the following
formula under the hypothesis that Ω is a convex polygon:


∞
X
√
1
2πt
e−λj t ∼
Area(Ω) − 4πt Length(∂Ω) +
(1 − γ(Ω)) ,
4πt
3
N (λ) ∼

j=1

where Length(∂Ω) denotes the length of ∂Ω and γ(Ω) denotes the genus (the
number of holes) of Ω. Here, as above, the numbers λ1 , λ2 , λ3 , . . . are the
eigenvalues of the problem −∆u = λu on Ω with the boundary condition
u|∂Ω = 0. Using this formula, given the spectrum {λ1 , λ2 , λ3 , . . . } of Ω, we
can deduce the area of Ω, the perimeter of Ω, and the genus of Ω. More
generally, as we will see later, the spectrum of a compact manifold (M, g)
determines the dimension of (M, g), the volume of (M, g), and the integral
of the scalar curvature on (M, g). The above formula also generalizes to any
compact Riemannian manifold.
Another question in the context of inverse problems is “What sequences
of real numbers can form the spectrum of a manifold?” A simpler version
of this question is the following:
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Prescribing the spectrum. Given a topological manifold M and a finite
increasing sequence of real numbers a1 , a2 , . . . , an for some n ∈ N, does there
exists a metric g such that the first nth elements of the spectrum of (M, g)
are equal to a1 , a2 , . . . , an , respectively? The answer is positive for compact
manifolds of dimension greater than or equal to 3. This was proved by Colin
de Verdière in 1987 [1].
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